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We investigate two classes of inflationary models, which lead to a stiff period after inflation that boosts
the signal of primordial gravitational waves (GWs). In both families of models studied, we consider an
oscillating scalar condensate, which when far away from the minimum is overdamped by a warped kinetic
term, á la α-attractors. This leads to successful inflation. The oscillating condensate is in danger of
becoming fragmented by resonant effects when nonlinearities take over. Consequently, the stiff phase
cannot be prolonged enough to enhance primordial GWs at frequencies observable in the near future for
low orders of the envisaged scalar potential. However, this is not the case for a higher-order scalar potential.
Indeed, we show that this case results in a boosted GW spectrum that overlaps with future observations
without generating too much GW radiation to destabilize big bang nucleosynthesis. For example, taking
α ¼ Oð1Þ, we find that the GW signal can be safely enhanced up to ΩGWðfÞ ∼ 10−11 at frequency
f ∼ 102 Hz, which will be observable by the Einstein Telescope. Our mechanism ends up with a
characteristic GW spectrum, which if observed, can lead to the determination of the inflation energy scale,
the reheating temperature, and the shape (steepness) of the scalar potential around the minimum.
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I. INTRODUCTION

The cosmic inflation paradigm, which resolves the
horizon and flatness problems and seeds the initial density
perturbations for large-scale structure formation [1–5], also
predicts tiny anisotropies in the cosmic microwave back-
ground (CMB) measurements [6]. After the latest CMB
observations, the content of our present Universe in dark
matter, dark energy, and radiation is now well established in
what is known as theΛ cold dark matter (ΛCDM)model. In
addition, the improving measurements of the scalar per-
turbation modes, together with the most recent limits on the

presence of tensor modes in the CMB, help narrow down
the class of inflation models. Nevertheless, the history of
the Universe from the end of cosmic inflation to the hot big
bang phase remains up to now free of any observational
constraints. As a consequence, the way the metric pertur-
bation modes evolve after their production during inflation,
until the present time, is partly unknown. The conse-
quences of this blackout regarding our Universe history
is twofold: (i) We are unable to predict with certainty the
energy scale of inflation and (ii) the number of e-folds of
cosmic inflation, which is essential to constrain cosmic
inflation models from the CMB measurement, is not
precisely determined.
In the vanilla ΛCDM model, it is frequently assumed

that the cosmic inflation era is followed immediately by
the radiation-dominated era of the hot big bang phase of
the cosmological history. Since the slow-roll inflation is
expected to produce a nearly scale-invariant spectrum of
linear tensor perturbations that is relatively feeble as
compared to the sensitivity of present and near-future
gravitational wave (GW) detectors, it is expected that a
Universe exclusively dominated by radiation and matter
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after inflation would not lead to any measurable primordial
GW signal in the near future. However, we would like to
highlight that the Universe can only become radiation
dominated at the end of inflation under very restrictive
assumptions. Indeed, to release all of its energy density
right after it exits the phase of slow roll, the inflaton must
decay immediately into ordinary radiation. Such a fast
decay of the inflaton field requires the existence of large
interaction terms between the inflaton field and Standard
Model (SM) fields.
However, sizable interactions of the inflationary sector

with the SM are not motivated by any strong theoretical
argument. Additionally, they were also shown to substan-
tially affect the inflationary dynamics [7–10] or the stability
of the SM Higgs boson [11,12]. Moreover, there is a danger
that significant interaction terms may spoil the flatness of
the inflaton potential. Furthermore, in order to decay
efficiently after inflation ends, the inflaton field also needs
to oscillate around the minimum of its potential, such that
its coherent oscillations quickly get damped through SM
particle production. This relies on the idea that the inflation
potential minimum stands relatively close in field space
from the point where inflation ends. However, numerous
runaway scalar potentials can be used to realize cosmic
inflation, which do not have a finite minimum or whose
minimum is very far away from the location in field space
where inflation ends.
This is, for instance, the case of quintessential infla-

tionary scenarios [13–16] or, more generally, nonoscilla-
tory inflation models [17]. In these models the inflaton
keeps rolling along its potential for a quite long period of
time after inflation ends. In such cases, the production of
SM particles is more difficult to achieve, however, can be
realized through gravitational particle production [18,19]
or other reheating mechanisms, e.g., instant preheating
[20,21], curvaton reheating [22,23], and Ricci reheating
[24–28] to cite few examples.1 The inflation sector thus
only transfers at most a fraction of its energy density when
SM particles are produced. The Universe therefore under-
goes a phase of kination [33,34], where the kinetic energy
of the inflaton scalar field is the main source of energy in
the Universe and decreases quickly with expansion as ρϕ ∝
a−6 before radiation starts dominating and the hot big bang
phase starts. The corresponding barotropic parameter dur-
ing kination is w ¼ 1, stiffer than the barotropic parameter
during radiation domination (RD) (w ¼ 1=3) or matter
domination (MD) (w ¼ 0).
The tensor perturbation modes that reenter the horizon

after inflation during kination are not characterized by a flat
spectrum, as with the modes reentering the horizon during

RD. Instead, for frequencies that correspond to the period
of kination, the GW spectrum features a peak, which is
larger the longer kination lasts. This boosted spectrum
peaks at the highest frequency possible, which corresponds
to the end of inflation, when kination begins. Such
frequencies are beyond observational capability in the near
future. However, kination cannot be extended down to
frequencies low enough to overlap with future GW surveys,
because the peak in the GW spectrum would be too large,
as their energy density would destabilize the delicate
process of big bang nucleosynthesis (BBN) [35–37].
One way of boosting the GW signal down to observable

frequencies without disturbing BBN is considering that the
stiff phase following inflation is not as stiff as kination
proper, but it is a period when the barotropic parameter of
the Universe lies in the range 1=3 < w < 1 [38–44].2
Indeed, recently in Ref. [48], it was argued that, to make
contact with the forthcoming Laser Interferometer Space
Antenna (LISA) observations, the stiff period after infla-
tion must be in the range 0.46≲ w≲ 0.56 with a high
inflationary scale Hinf ∼ 1013 GeV and the reheating tem-
perature in the range 1MeV≲ Treh ≲ 150 MeV. A model
realization of this possibility was presented in Ref. [49],
where w ≈ 1=2 was considered.
In this paper, we will consider the possibility that the end

of inflation does not continue right away to the hot big bang
phase, but instead is followed by a phase featuring a stiff
equation of state which is not due to the field rolling down a
runaway potential, as in Ref. [49], but oscillating instead in
a 2nth-order monomial potential V ∝ φ2n. We study two
possibilities that may give rise to such a potential. In one,
we consider a field with a scalar potential that is truly
monomial, motivated by a variety of models, based on
fundamental theory; see, for example, Refs. [50–52]. In the
other, we consider a quasiharmonic periodic potential that
may correspond to an axionlike particle, possibly in the
context of the string axiverse [53]. In both cases, the scalar
field is also characterized by a noncanonical kinetic term,
following the α-attractors idea [54,55], such that before
engaging in oscillations, it successfully drives a period of
inflation. We show that our setup can naturally lead to
1=3 < w < 1. The hope is that, considering an oscillating
inflaton field, we may manage to generate an observable,
characteristic peak in the GW spectrum, without the need of
substantial tuning. Such peaked feature will help us
determine the physical information (including the infla-
tionary energy scale and potential’s shape, as well as the
reheating temperature) regarding the early Universe via the
near-future GW experiments.

1See also reheating by evaporation of primordial black holes
[29], warm quintessential inflation [30,31], or the large-scale
isocurvature perturbations [32].

2Other ways have also been put forward, for example, in
Ref. [45], the GW peak is truncated by considering that inflation
is followed first by a period called hyperkination before kination
proper. In Refs. [46,47], GWs can be boosted within a narrow
band through the parametric resonance.
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The paper is organized as follows: In Secs. II and III we
discuss the monomial model, which we call the T-model
due to the existence of the noncanonical kinetic term and
the harmonic model, respectively. Afterward, we discuss
preheating phenomenology in Sec. IV and generation and
propagation of primordial gravitational waves in Sec. V.
Finally, we end with discussing the key aspects of our
analysis and conclusions in Sec. VI. We use natural units,
where c ¼ ℏ ¼ kB ¼ 1 and 8πG ¼ m−2

P , with mP ¼
2.43 × 1018 GeV being the reduced Planck mass.

II. T-MODEL INFLATION

The idea is to consider a simple 2nth-order monomial
scalar potential. This is understood as a perturbative
expansion of the scalar potential around the vacuum
expectation value (VEV) (taken at zero) of a scalar field
φ, with a simplifying Z2 symmetry. An example is a flaton
field [50], where V ∝ φ6 with the quartic self-interaction
term being absent, while the quadratic mass term is
discussed later on. Other examples are supersymmetric
flat directions, such as discussed in Refs. [51,52], where
V ∝ φ6 and V ∝ φ10, respectively. We also consider that
our scalar field is characterized by a noncanonical kinetic
term, which features two poles around the VEV, following
the α-attractors construction [54,55] due to the geometry in
field space, e.g., characterized by a nontrivial Kähler
metric. As we demonstrate, this construction successfully
generates the inflationary plateau for the canonically
normalized scalar field ϕ. After inflation, the ϕ field exits
the flat region of the potential and φ becomes effectively
canonically normalized. As a result, it oscillates around its
VEV (i.e., zero) in a 2nth-order potential having an average
barotropic parameter of w ≈ ðn − 1Þ=ðnþ 1Þ, which results
in a stiff phase that would produce observable gravitational
waves if reheating were appropriately inefficient [48].

A. Inflationary dynamics

The Lagrangian density of the model we consider is
simply

L ¼ −
1
2
ð∂φÞ2

ð1 − φ2=M2Þ2 −
1

ð2nÞ! λ
φ2n

m2n−4
P

; ð1Þ

where ð∂φÞ2 ≡ ∂μφ∂
μφ and n > 2. In order to switch to the

canonical field ϕ, we employ the transformation

φ ¼ M tanhðϕ=MÞ; ð2Þ

and the potential becomes

VðϕÞ ¼ 1

ð2nÞ! λ
M2n

m2n−4
P

tanh2nðϕ=MÞ: ð3Þ

This is the well-known and researched T-model infla-
tion [56,57].3

For the derivatives, we find

V 0ðϕÞ ¼ λ

ð2n − 1Þ!
M2n−1

m2n−4
P

tanh2n−1ðϕ=MÞ
cosh2ðϕ=MÞ ð4Þ

and

V 00ðϕÞ ¼ λ

ð2n − 1Þ!
M2n−2

m2n−4
P

tanh2n−2ðϕ=MÞ
cosh4ðϕ=MÞ

× ½ð2nþ 1Þ − 2 cosh2ðϕ=MÞ�; ð5Þ

where the prime denotes derivative with respect to the
canonical field ϕ. We then find the slow-roll parameters as

ε≡ 1

2
m2

P

�
V 0

V

�
2

¼ 2n2
m2

P

M2

1

½cosh2ðϕ=MÞ − 1�cosh2ðϕ=MÞ

¼ 8n2
m2

P

M2

1

sinh2ð2ϕ=MÞ ð6Þ

and

η≡m2
P
V 00

V
¼ 2n

m2
P

M2

ð2nþ 1Þ − 2 cosh2ðϕ=MÞ
½cosh2ðϕ=MÞ − 1� cosh2ðϕ=MÞ

¼ 8n
m2

P

M2

2n − coshð2ϕ=MÞ
sinh2ð2ϕ=MÞ : ð7Þ

The spectral index of the scalar curvature perturbation is

ns ¼ 1− 6εþ 2η¼ 1− 16n
m2

P

M2

nþ coshð2ϕ=MÞ
sinh2ð2ϕ=MÞ

¼ 1−
2

n
½ðn− 1Þ þ 2 cosh2ðϕ=MÞ�ε: ð8Þ

For the number of e-folds until the end of inflation,
we find

N ¼ 1

m2
P

Z
ϕ

ϕend

Vdϕ
V 0

¼ 1

8n
M2

m2
P
½coshð2ϕ=MÞ − coshð2ϕend=MÞ�; ð9Þ

where “end” denotes the end of inflation. Demanding that
εðϕendÞ ¼ 1 we can estimate that

coshð2ϕend=MÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8n2

m2
P

M2

r
: ð10Þ

3For a complete analysis of such models in the context of
dynamical systems, see Ref. [58].
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The above implies that

cosh ð2ϕðNÞ=MÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8n2

m2
P

M2

r
þ 8n

m2
P

M2
N: ð11Þ

Employing this in Eq. (6), we obtain

ε ¼ 8n2
m2

P

M2

1� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8n2 m2

P
M2

q
þ 8n m2

P
M2 N

�
2

− 1

: ð12Þ

Similarly, Eq. (8) becomes

ns ¼ 1 − 16n
m2

P

M2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8n2 m2

P
M2

q
þ 8n m2

P
M2 N þ n� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 8n2 m2
P

M2

q
þ 8n m2

P
M2 N

�
2

− 1

; ð13Þ

where we also used Eq. (11).
For the tensor-to-scalar ratio we find

r ¼ 16ε ¼ 128n2 m2
P

M2� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8n2 m2

P
M2

q
þ 8n m2

P
M2 N

�
2

− 1

: ð14Þ

In the limit ϕ ≫ ϕend, the above reduce to ns ≃ 1–2=N
and r ≃ M2

m2
P

2
N2, which are the usual findings of α-attractors.

Indeed, using the α-attractors relation [54,55]

M ≡ ffiffiffiffiffiffi
6α

p
mP; ð15Þ

we obtain the standard result r ≃ 12α=N2. The observa-
tional bound r < 0.03 [59,60] suggests that α < 9 for
N ¼ 60. In our case, the stiff period after inflation increases
N somewhat, so the bound is more likely α≲ 10.4

With N ≫ 1, it is easy to show that ϕ ≫ ϕend for any

α <
2n2

3

�
−1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4N2

n2

r �
≃
4nN
3

; ð16Þ

where we considered that n < 4N. When N ≃ 60, this
means α < 40n, which is well satisfied.
The amplitude of primordial curvature perturbation is

calculated as

Pζ ¼
1

12π2
V3

m6
PðV 0Þ2

¼ λ

48π2n2ð2nÞ!
�
M
mP

�
2nþ2

× tanh2nþ2ðϕ=MÞ cosh4ðϕ=MÞ: ð17Þ

The requirement that ϕðNÞ ≫ ϕend results in

λ

�
M
mP

�
2n−2

≃
3ð2nÞ!π2Pζ

N2
: ð18Þ

Using Eq. (15) and that the Cosmic Background Explorer
constraint Pζ ¼ 2 × 10−9 and N ≃ 60, demanding a per-
turbative λ < 1, we find the lower bound

α≳ 1

6
½10−11ð2nÞ!� 1

n−1: ð19Þ

For the energy scale of inflation we have

V1=4
inf ¼

�
λ

ð2nÞ!
�

1=4
�
M
mP

�
n=2

mP

≃
�
M
mP

�
1=2

�
3π2Pζ

N2

�
1=4

mP

≃ 3 × 10−3α1=4mP; ð20Þ

where we used Eqs. (3), (15), and (18). The above result is
independent of the value of n and it suggests that V1=4

inf ≃
7.7 × 1015 GeV × α1=4, i.e., near the grand unified theory
(GUT) scale, as expected.
So inflation seems to work fine because, when N ≃ 60,

the α-attractors are known to produce values of the infla-
tionary observables ns and r that are in excellent agreement
with observations [54,55].

B. Dynamics during oscillations

After inflation the field oscillates in a 2nth-order
monomial potential. This means that its barotropic para-
meter is [71]

w ≈
n − 1

nþ 1
; ð21Þ

where V ∝ ϕ2n. We write “≈” instead of “¼” here because
there are tiny deviations from the exact equality [42],
which, however, are largely negligible and will be ignored
hereafter.
We do not have to go into details about the radiation

production. It could be due to some other degree of freedom
or due to the decay of the ϕ condensate itself. In the latter
case, we need to have the potential supplemented with a
quadratic mass term. The reason is that, otherwise, the

4The parameter α may have a multitude of values. Some very
important examples are the well-known Starobinsky model [61],
the Higgs inflation model (α ¼ 1) [62], and the Goncharov-Linde
model (α ¼ 1=9) [63,64], and others. Furthermore, other very
interesting examples are also related to superstring-inspired
scenarios, which suggest 3α ¼ 1, 2, 3, 4, 5, 6, 7 [65,66] (e.g.,
fibre inflation with α ¼ 2 and 1=2 [67,68]) or in no-scale
supergravity, which accommodates arbitrary values both α < 1
or α > 1 [69,70].
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decay products of the quanta of the oscillating condensate
will be able to decay back, meaning the inverse
decay would also be possible, so the scalar field would
not be able to decay completely. This is so because the
density of the oscillating condensate decreases faster than
relativistic decay products (ρϕ ∝ a−3ð1þwÞ ¼ a−6n=ðnþ1Þ,
which is faster than a−4 for all n > 2), so the resulting
thermal bath will be partly composed of φ particles,
decaying back and forth. In contrast, if the oscillating
condensate is dominated by the quadratic mass term, then
ρϕ ∝ a−3 and the density of the relativistic decay products
reduces faster, which means that the reverse interaction,
even if it occurs, would create a negligible contribution to
ρϕ. As a result, the condensate can decay fully into a
thermal bath that is composed predominantly by its decay
products only.
Because, after inflation and the onset of oscillations, we

have φ ≪ M, the φ field is approximately canonical, i.e.,
φ ≃ ϕ. Then, we can consider a previously subdominant
(negligible during inflation) quadratic term such that the
potential is

VðϕÞ ≃ 1

2
m2ϕ2 þ 1

ð2nÞ! λ
ϕ2n

m2n−4
P

: ð22Þ

The energy density is ρϕ ¼ VðΦÞ, where Φ is the oscil-
lation amplitude, with Φ ¼ ΦðtÞ. Equating the quadratic
and the 2nth-order term, we find the value Φx when the
quadratic term becomes important,

Φ2n−2
x ¼ ð2nÞ!

2λ
m2m2n−4

P : ð23Þ

The corresponding energy density is

ρxϕ ¼ 1

2
m2Φ2

x ¼
�
2−n

ð2nÞ!
λ

m2nm2n−4
P

�
1=ðn−1Þ

: ð24Þ

In view of Eq. (18), the above can be recast as

ρx ≃ 6α

�
2−n

N2

3π2Pζ
m2nm2n−4

P

�
1=ðn−1Þ

; ð25Þ

where we also used Eq. (15).
After domination from the quadratic term, the energy

density of the oscillating inflaton is diluted as non-
relativistic matter ρ ∝ a−3, as also mentioned above. If
the oscillating condensate continued to dominate the
Universe, then the effective matter-dominated period would
suppress the production of gravitational waves, so this
period should not last long. In fact, to maximize the
amplitude of the produced GWs, we should demand that
the moment that the mass term dominates coincides with
the moment that the condensate decays, such that the
effective matter-dominated period is eliminated. That is, we

must require ρxϕ ≃ ρx ≃ ρreh, where the energy density at
reheating is

ρreh ¼
π2

30
g�T4

reh; ð26Þ

where Treh is the reheating temperature and g� is the
number of effective relativistic degrees of freedom.
From Eqs. (25) and (26), we find

m ≃
ffiffiffi
2

p �
π2g�
180α

�ðn−1Þ=2n�3π2Pζ

N2

�
1=2n

mð2−nÞ=n
P T2ðn−1Þ=n

reh :

ð27Þ

which can be used to estimate m for a given reheating
temperature and a given value of n.
Alternatively, we can assume that reheating happens

through other means (e.g., Ricci reheating [24–28] or
curvaton reheating [22,23]). Then, Eq. (27) becomes only
upper bound, ensuring that reheating occurs before the
quadratic mass term dominates the oscillating condensate,
such that there is no effective matter-dominated period.

III. THE HARMONIC MODEL

One way to avoid introducing the mass altogether is to
consider the nonperturbative potential

VðφÞ ¼ V0½1 − cosðφ=MÞ�n; ð28Þ

in place of the original V ∝ φ2n potential in Eq. (1). A
potential of this form has already been considered in the
literature in the context of early dark energy [72] and is
possible to justify in the context of the string axi-
verse [53,73,74]. The potential in Eq. (28) reduces to
the 2nth-order potential when φ ≪ M, when cosðφ=MÞ≃
1 − 1

2
ðφ=MÞ2. The previous discussion is the same if

we take

V0 ¼ 2n
λ

ð2nÞ!
M2n

m2n−4
P

¼ 2n
3π2Pζ

N2
ðMmPÞ2; ð29Þ

such that, when φ ≪ M we have V ≃ 1
ð2nÞ! λφ

2n=m2n−4
P as

before. In the last equation in the above we also took into
account Eq. (18).
In view of Eq. (15), the above suggests

V0 ≃ 2n × 10−10αm4
P; ð30Þ

which implies that V1=4
0 ¼ 2n=4α1=4 × 7.7 × 1015 GeV, that

is, V1=4
0 is comparable to the energy scale of grand

unification, provided α is not extremely small.
For the inflation scale, the plateau exists when we

approach the kinetic pole at φ → M (without loss of
generality we assume φ > 0). In this case, the potential
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energy is V inf ∼ 1
ð2nÞ! λM

2n=m2n−4
P . The inflationary observ-

ables ns and rmust be calculated numerically this time. The
good thing is that there is no upper bound on λ, which is not
a perturbative coupling now. Thus, the corresponding lower
bound on α in Eq. (19) is no more. However, we need that
the axion decay constantM must not be super-Planckian. In
view of Eq. (15), this implies the requirement α≲ 4.
With the choice in Eq. (28) we can safely ignore m

altogether. We do not reheat the Universe through the field
decay, but we have no problem with radiative corrections,
as presumably the field is some axionlike particle in the
context of the string axiverse [53,73,74].

A. Inflationary dynamics

Following similar calculations, we derive the corre-
sponding results for the harmonic potential (28) as follows:

VðϕÞ ¼ V0

�
1 − cos

�
tanh

ϕ

M

��
n
; ð31Þ

V 0ðϕÞ ¼ nV0

M

�
1 − cos

�
tanh

ϕ

M

��
n−1 sin½tanhðϕ=MÞ�

cosh2ðϕ=MÞ ;

ð32Þ

V 00ðϕÞ ¼ nV0

M2

f1− cos½tanhðϕ=MÞ�gn−1
cosh4ðϕ=MÞ

×

�
ðn− 1Þ sin2½tanhðϕ=MÞ�

1− cos½tanhðϕ=MÞ� þ cos½tanhðϕ=MÞ�

− 2 sin½tanhðϕ=MÞ� tanhðϕ=MÞcosh2ðϕ=MÞ
�
:

ð33Þ

The slow-roll parameters are

ε ¼ 1

2
m2

P

�
V 0

V

�
2

¼ n2m2
Psech

4ðϕ=MÞ sin2 ½tanhðϕ=MÞ�
2M2f1 − cos ½tanhðϕ=MÞ�g2

ð34Þ

and

η ¼ m2
P
V 00

V
¼ n

�
mP

M

�
2 sech4ðϕ=MÞ
1 − cos½tanhðϕ=MÞ�

×

�
ðn − 1Þ sin2½tanhðϕ=MÞ�

1 − cos½tanhðϕ=MÞ� þ cos½tanhðϕ=MÞ�

− 2 sin½tanhðϕ=MÞ� tanhðϕ=MÞcosh2ðϕ=MÞ
�
: ð35Þ

Demanding that εðϕendÞ ¼ 1, one can estimate ϕend numeri-
cally, as shown in Fig. 1.

The spectral index of the curvature perturbation is

ns − 1 ¼ 2η− 6ε

¼
�
mP

M

�
2
�
−nð2þ nÞ sech

4ðϕ=MÞsin2½tanhðϕ=MÞ�
f1− cos½tanhðϕ=MÞ�g2

þ 2n
sech4ðϕ=MÞ cos½tanhðϕ=MÞ�

1− cos½tanhðϕ=MÞ�

−
4n sin½tanhðϕ=MÞ� tanhðϕ=MÞsech2ðϕ=MÞ

1− cos½tanhðϕ=MÞ�
�
:

ð36Þ

We can find the field value ϕ� at the time when the pivot
scale exits the horizon as

N� ≡ Nðϕ�Þ ¼
1

m2
P

Z
ϕ�

ϕend

VðϕÞ
V 0ðϕÞ dϕ; ð37Þ

where kp ¼ 0.05 Mpc−1 is the pivot scale and ϕend is
determined via εðϕendÞ ¼ 1.

FIG. 1. The (non)canonical inflaton field values (φ) ϕ at the end
of inflation in terms of α, derived by demanding εðϕendÞ ¼ 1, for
the T-model and harmonic potentials, Eqs. (1) and (28), respec-
tively. As shown, the values are Planckian for α ¼ Oð1Þ.
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The curvature power spectrum is calculated as

Pζ ¼
1

12π2
V3

m6
PðV 0Þ2

¼ V0=m4
P

12n2π2

�
M
mP

�
2

×
f1 − cos½tanhðϕ=MÞ�gnþ2 cosh4ðϕ=MÞ

sin2½tanhðϕ=MÞ� : ð38Þ

At the pivot scale we have As ¼ PζðkpÞ, where
lnð1010AsÞ ¼ 3.044� 0.014. Note that we are only able
to numerically calculate the above quantities and impose
the constraints on V0. For example, taking n ¼ 3, when
α ≈ 1, we determine ϕend=mP ≃ 2.34 from εðϕendÞ ¼ 1. If
N ¼ 60, then we find ϕ�=mP ≃ 7.48. Hence, the power
spectrum evaluated at kp is given by

As ≡ PζðkpÞ ≃
V0

m4
P
× 2.0 ⇒ V0 ≃ 1.0 × 10−9m4

P ⇒ V1=4
0

¼ 1.4 × 1016 GeV: ð39Þ

The corresponding inflationary observables are r ≃ 0.003
and ns ¼ 0.967. The above value of V0 in Eq. (39) is not
too different from the result obtained in the monomial case,
given by Eq. (30).
The stiff period is expected to increaseN�; the number of

e-folds of remaining inflation that correspond to the exit
of the cosmological scales from the horizon. Fixing the
reheating temperature Treh allows us to calculate the
necessary N� via the relation [75,76]

N� ≃ 67 − ln

�
kp

a0H0

�
þ 1

4
ln

�
V2ðϕ�Þ
m4

Pρend

�

þ 1 − 3w
12ð1þ wÞ ln

�
ρreh
ρend

�
−

1

12
ln½g�ðTrehÞ�; ð40Þ

where ρend is the energy density at the end of the inflation,
w ≈ ðn − 1Þ=ðnþ 1Þ is the barotropic parameter during the
oscillations [cf. Eq. (21)], ρreh is the energy density when
the reheating takes place, and g�ðTrehÞ is the number of
effective relativistic degrees of freedom at the reheating
temperature [cf. Eq. (43)]. By solving this equation numeri-
cally we can determine the correct N� for a given reheating
temperature Treh and As. In the end, α remains the only free
parameter of the model.
We show our results for the inflationary observables in

Fig. 2. For n ¼ 3–5, we fix the reheating Treh via Eq. (43),
which ensures that the inflaton field remains homogeneous
until reheating. See Sec. IV for the explanation. For
n ¼ 6–8, we set the reheating temperature such that the
gravitational wave spectrum saturates the BBN bound for
α ¼ Oð1Þ, as explained further in Sec. V B. We see that
both potentials, monomial or sinusoidal, yield to very

similar results. The upper bound r < 0.03 on the tensor-
to-scalar ratio gives an upper bound for α which reads
α≲ 10. As shown in Fig. 2, future experiments such as
LiteBIRD [77] and CMB-S4 [78] will improve this bound
approximately to α≲ 1 and α ≲ 0.3, respectively.
The α parameter is also bounded by the fact that we want

to avoid trans-Planckian field excursions, see Fig. 3. Thus,
it is more realistic to consider α ¼ Oð1Þ. There is no lower
bound on α coming from the inflationary observables.

IV. FRAGMENTATION OF THE OSCILLATING
CONDENSATE

So far, our setup appears very promising. We may end up
with a stiff phase after the end of inflation, whose
barotropic parameter can be as low as w ¼ 1=2 (when
n ¼ 3), so the corresponding peak of primordial gravita-
tional radiation is rather mild. Such a stiff phase could be
prolonged without disturbing BBN, enhancing thus GWs at
observable frequencies, provided reheating is not very
efficient and Treh is low. However, it turns out we cannot
have too small Treh and the whole mechanism for boosting
GWs at observable frequencies is undermined as a result.
The reason is the following.
A major concern is the possible fragmentation of the

oscillating condensate by parametric resonant effects. This
has been studied in detail in Refs. [79–82], where it was
shown that a prolonged stiff period was possible only for
α ¼ Oð1Þ. The duration of the stiff period after inflation
before the fragmentation of the condensate is [80]

ΔN ¼ nþ 1

3
ln

�
1

δd2
M
mP

2j2 − nj
nþ 1

�
; ð41Þ

where d is the strength of the resonance band and δ ¼ 0.126
is a numerical coefficient obtained in the simulations. The
values of d ¼ dðnÞ is shown in Fig. 4 of Ref. [80].
Now, provided that the condensate is not yet fragmented,

the energy density of the oscillating scalar field is given by
ρϕ ∝ a−3ð1þwÞ, where w ¼ wðnÞ is determined in Eq. (21).
Then, the duration of the stiff period of coherent oscil-
lations is determined by reheating. The total number of stiff
e-folds is

ΔN ¼ ln

�
areh
aend

�
¼ 1

3ð1þ wÞ ln
�
ρend
ρreh

�

⇒ ΔN ≃
2ðnþ 1Þ

3n
ln

�
V1=4
end

Treh

�
; ð42Þ

where we used Eqs. (21) and (26), with the approxima-
tion ðπ2g�=30Þ1=4 ≃Oð1Þ.
Therefore, the smallest possible reheating temperature

corresponds to when the condensate is about to be
fragmented, and it is given by
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FIG. 3. Left: plot showing the value φ of the noncanonical inflaton field at horizon exit of the CMB pivot scale setting kp ¼
0.05 Mpc−1 for various α-attractor models. Right: plot showing the noncanonical inflaton field φ excursion during inflation for various
α-attractor models. We note the values are Planckian for α ¼ Oð1Þ.

FIG. 2. The plot of the inflationary observables as a function of α for the T-model and harmonic potentials, Eqs. (1) and (28),
respectively, with various values of n. For n ¼ 3–5, we fix the reheating temperature Treh to its lowest possible value using Eq. (43),
which ensures that the inflaton field remains homogeneous until reheating. For n ¼ 6–8, we set the reheating temperature to its lowest
value such that the GW spectrum saturates the BBN bound for α ¼ Oð1Þ. See Secs. IV and V B for more details on how we fix the
reheating temperature. The gray regions on the spectral index plot is excluded by the Planck 2018 data [6], while the gray region on the
tensor-to-scalar ratio plot refers to the bound r < 0.03. On the latter plot, we also show prospective reaches of the future experiments
LiteBIRD [77] and CMB-S4 [78]. We observe that LiteBIRD and CMB-S4 will be able to put constraints on this model which read
approximately α≲ 1 and α≲ 0.3, respectively.
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Treh ¼ exp

�
−

3n
2ðnþ 1ÞΔN

�
V1=4
end ; ð43Þ

whereΔN is given by Eq. (41), and V1=4
end is calculated using

ϕend determined from the condition εðϕendÞ ¼ 1, as shown
in Fig. 1.
Employing Fig. 4 of Ref. [80] and Eqs. (41) and (43), we

obtain the values of the reheating temperature, shown in
Table I, where we have assumed the maximum value α ≃ 4.
As an example, we can consider n ¼ 5, such that

d ¼ 0.03, ΔN ≃ 21, and Treh ≃ 1.1 × 104 GeV. The cor-
responding harmonic scalar potential would be V ¼
V0½1 − cosðφ=MÞ�5, with M ≃ 4.90mP and V1=4

0 ≃ 2.6×
1016 GeV, where α ¼ 4 and we have used Eqs. (15) and
(29), respectively. If we consider the T-model potential
instead, we have V ∝ φ10, as in Ref. [52]. In this case, the
upper bound on the quadratic mass term not to become
important until reheating given in Eq. (27), becomes
m < 0.14T8=5

reh =m
3=5
P ≃ 1.6 × 10−24mP ∼ 3.8 × 10−6 GeV.

This is rather strong, which suggests that the choice of
harmonic potential is more realistic.

V. PRIMORDIAL GRAVITATIONAL WAVES

A. Notations

This part is devoted to the basic notations and dynamics
of GWs. Readers who are familiar with these can skip this
part. The GWs are defined as the transverse-traceless (TT)
part of the metric perturbations,

ds2 ¼ a2ðτÞ½−dτ2 þ ðδij þ hijÞdxidxj�; ð44Þ

where τ is the conformal time, and the TT gauge is given by
δijhij ¼ 0 and ∂ihij ¼ 0. The Kronecker δ symbol is used
to raise/lower the spatial indices. The equation of motion
for GWs is derived from the linear Einstein field equation,

hs
00
k ðτÞ þ 2

a0

a
hs

0
kðτÞ þ k2hskðτÞ ¼ 0; ð45Þ

where the prime here denotes the τ derivative, and hsk is the
Fourier mode of hij,

hijðτ;xÞ ¼
X
s¼þ;×

Z
d3k

ð2πÞ3=2 e
ik·xesijðkÞhskðτÞ; ð46Þ

where s ¼ þ;× denote two polarizations of the GWs. The
polarization tensor eλijðkÞ can be expressed in terms of a
pair of polarization vectors eiðkÞ and ēiðkÞ, both of which
are orthogonal to the wave vector k,

eþijðkÞ ¼
1ffiffiffi
2

p ½eiðkÞejðkÞ − ēiðkÞējðkÞ�;

e×ijðkÞ ¼
1ffiffiffi
2

p ½eiðkÞējðkÞ þ ēiðkÞejðkÞ�; ð47Þ

where the unit polarized tensors satisfy the following
properties: δijesij ¼ 0, kiesij ¼ 0, δikδjlesije

m
kl ¼ δsm.

We are interested in the statistics of GWs in observation.
The dimensionless power spectrum of GWs Phðk; τÞ is
defined through its two-point correlation function,

hhskðτÞhmk0 ðτÞi ¼ δsmδð3Þðkþ k0Þ 2π
2

k3
Phðk; τÞ; ð48Þ

where we have assumed the isotropy of the stochastic GW
background (SGWB), namely, Phðk; τÞ depends only on
the magnitude k≡ jkj. For simplicity, we also assume that
the SGWB is unpolarized, hjhþk ji ¼ hjh×k ji≡ hjhkji. It is
straightforward to show that

hhijðτ;xÞhijðτ;xÞi ¼ 2

Z
dk
k
Phðk; τÞ; ð49Þ

where Phðk; τÞ ¼ k3

2π2
hjhkðτÞj2i and h� � �i refers to the

ensemble average. For GWobservations, we are concerned
with the total power spectrum 2Phðk; τÞ. At the end of
slow-roll inflation, the power spectrum for GWs is calcu-
lated as [34]

TABLE I. The values of the strength of the resonance d, the number of e-folds of the corresponding stiff era ΔN, and the lowest
possible reheating temperature Treh, which guarantees that reheating occurs not after the fragmentation of the oscillating condensate, for
a range of values of n. We have considered the harmonic potential, and the maximum value α ¼ 4, while the results are very similar for
the T-model potential. Note that the Treh values for n > 7 imply that the condensate is not fragmented until reheating, which has to
happen before BBN, i.e., Treh ≳ 1 MeV.

n 2 3 4 5 6 7 8 9 10

d 0.072 0.060 0.044 0.030 0.025 0.020 0.015 0.012 0.010
ΔN 0 11.458 16.141 21.347 26.068 31.221 37.880 42.808 46.567
ϕend=mp 2.38 3.17 3.78 4.27 4.68 5.03 5.34 5.62 5.87
Treh (GeV) 4.6 × 1015 1.2 × 1010 1.7 × 107 1.1 × 104 11.5 6.5 × 10−3 2.8 × 10−7 3.1 × 10−10 6.5 × 10−14
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Pinf
h ðkÞ ≈ 2

π2

�
Hinf

mP

�
2
�
k
kp

�
nT
; ð50Þ

where the tensor spectral index nT satisfies the consistency
relation nT ≈ −2ϵ ≈ −r=8, which is small in our model.
The numerical result at the end of inflation is shown in
Figs. 4 and 6.

B. GW energy spectrum with the stiff period

During the vanilla slow-roll inflation (as in our model),
the tensor perturbations (i.e., GWs) are frozen on the
superhorizon scales and the power spectrum is nearly scale
invariant. After inflation, the Hubble horizon grows faster
than the redshift of the GWs’ wavelengths (H−1 ∝
a3ð1þwÞ=2 > a, for w ≥ 0 after inflation), each mode of
GWs reenters the horizon at the different times and starts
oscillating. These reentered modes become the part of the
SGWB that we are able, in principle, to observe. In order to
quantify the ability of GW detection, it is customary to
define the GW density parameter on the subhorizon scales
per logarithmic momentum interval [34],

ΩGWðτ; kÞ≡ 1

ρcðtÞ
dρGW
d ln k

≈
k2

12a2H2
Phðτ; kÞ; ð51Þ

where ρcðτÞ ¼ 3m2
PH

2ðτÞ ∝ a−3ð1þwÞ is the critical density
of the Universe at time τ and k is related to the observed

GW frequency as

f ¼ k
2πa0

¼ Hk

2π

ak
a0

; ð52Þ

where ak is the scale factor when the k mode reenters the
horizon.
Instead of analytically solving Eq. (45), it is helpful to

make some reasonable estimate on the behaviors of the
subhorizon GWs. It is clearly seen that the GWs’ ampli-
tudes are damped on the subhorizon scales, namely,
hkðτÞ ∝ k−3=2ak=aðτÞ, where k−3=2 is due to the fact that
the GW power spectrum is nearly scale invariant
[cf. Eq. (50)] and we dropped the Hubble friction term.
Using the relationship k ¼ akHk ∝ a−ð1þ3wÞ=2, namely,
replacing ak by k−2=ð1þ3wÞ, we derive [34,48,131]5

ΩGWðfÞ ∝ fβ; where β ¼ 2
w − 1=3
wþ 1=3

: ð53Þ

Hence, for modes that reenter the Hubble horizon during
RD, w ¼ 1=3, the observed GW energy spectrum is flat,

FIG. 4. The current GWenergy spectra in terms of various power indices of the sinusoidal potential (28) with α ¼ 4: n ¼ 3–5; with the
corresponding reheating temperatures as shown in Table I: Treh ¼ 1.2 × 1010; 1.7 × 107; 1.1 × 104 GeV. The values of the stiff
barotropic parameter can be calculated from Eq. (21): w ¼ 1=2; 3=5; 2=3. The expected sensitivity curves of various operating
and forthcoming GW observatories are also shown, including ground-based interferometer detectors: LIGO/VIRGO [83–88],
aLIGO/aVIRGO [89–91], AION [92–95], Einstein Telescope (ET) [96,97], Cosmic Explorer (CE) [98,99]; space-based interferometer
detectors: LISA [100,101], BBO [102,103], DECIGO/U-DECIGO [104–107], AEDGE [108], μ-ARES, VOYAGER2050 [109];
CMB spectral distortions, PIXIE/Super-PIXIE [110]; recasts of star surveys, GAIA/THEIA [111]; CMB polarization measurements,
Planck 2018 [112], BICEP 2/ Keck [113,114], LiteBIRD [115]; pulsar timing arrays (PTA), square-kilometer array (SKA) [116–118],
EPTA [119,120], NANOGRAV [121–127]; conversion into electromagnetic waves, the resonant cavity experiments [128–130].

5The spectrum of GWs for modes that reenter the horizon
during a stiff period was first considered in Ref. [132].
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while for modes that reenter the horizon during the stiff
period in our model w ≈ n−1

nþ1
[cf. Eq. (21)] and thus

β ≈ 2ðn−2Þ
2n−1 , it generates a blue-tilted spectrum for n > 2.6

For the extremely low-frequency GWs whose modes
reenter the Hubble horizon during MD (w ¼ 0), its energy
spectrum is red tilted. Simply, we can parametrize the
observed GW energy spectrum consisting of the following
three parts:

ΩGWðτ0; fÞ ≃ ΩRD
GW

8>><
>>:

ðf=frehÞ
2ðn−2Þ
2n−1 ; freh < f < fend;

1; feq < f < freh;

ðfeq=fÞ2; f0 < f < feq;

ð54Þ

where ΩRD
GW is a constant representing the GW density

parameter of modes that reenter the Hubble horizon during
RD. The observed frequencies fend, freh, feq, and f0
correspond to the GW modes that reenter the Hubble
horizon at the end of inflation, the onset of RD,
the radiation-matter equality, and the present Hubble
horizon, respectively. It is important to understand that
there is a maximum frequency fend because there is a
minimum lengthscale, which is the one that exits the
horizon at the end of inflation and reenters the horizon
right away.7

In order to pin down the unknown parameters in
Eq. (54), we define a transfer function following Ref. [48],

Phðτ; kÞ≡ Thðτ; kÞPinf
h ðkÞ; Thðτ; kÞ≡ 1

2

�
ak
aðτÞ

�
2

;

ð55Þ

to quantify the time evolution between the horizon reentry
k ¼ akðτkÞHkðτkÞ and a later time τ > τk. Note that the
factor 1=2 comes from the time average of the oscillating
amplitudes of GWs inside the Hubble horizon, and the
damping is described by ðak=aðτÞÞ2. First, let us estimate
the plateau value ΩRD

GW using Eqs. (50) (with nT ¼ 0)
and (51) [48],

ΩRD
GW ≈

k2

12a2H2
Thðτ0; kÞPinf

h ðkÞ

≈
1

12π2

�
gk�
g0�

��
g0s
gks

�
4=3

Ωradðτ0Þ
�
Hinf

mP

�
2

≈ 3 × 10−17; ð56Þ

where we also used Hinf ≈ 10−5mP, Ωradðτ0Þ ≈ 9 × 10−5,
gk� ≈ gks ≈ 106.37, g0� ≈ 3.36, and g0s ≈ 3.91.
Then, we can estimate the typical frequencies of Eq. (54)

based on the relation (52). The lowest frequency of SGWB
is estimated as

f0 ¼
H0

2π
∼ 1.6 × 10−43 GeV ∼ 2.4 × 10−19 Hz; ð57Þ

where H0 ∼ 10−33 eV. Similarly,

feq ¼
Heq

2π

aeq
a0

∼
ffiffiffiffiffiffi
ρeq

p
2π

ffiffiffi
3

p
mP

aeq
a0

∼ 10−41 GeV ∼ 10−17 Hz;

ð58Þ
where we ignored the dark energy domination and con-
sidered Teq ∼ 1 eV.
In order to calculate the highest frequency fend, we

need to know the energy evolution after the end of infla-
tion and until the onset of RD: the stiff period. The total
energy density during the stiff period is given by
ρϕ ∝ a−3ð1þwÞ ¼ a−6n=ðnþ1Þ, where we used Eq. (21). We
thus have ρend ¼ ρrehðareh=aendÞ6n=ðnþ1Þ. Equations (20)
and (29) suggest that ρend ∼ α × 10−10m4

P, while ρreh ¼
π2

30
g�T4

reh. Thus, we can estimate

ρend
ρreh

≃
�
areh
aend

�
6n=ðnþ1Þ

∼ α

�
1016 GeV

Treh

�
4

⇒
areh
aend

∼ αðnþ1Þ=6n
�
1016 GeV

Treh

�
2ðnþ1Þ=3n

: ð59Þ

Hence, the radiation energy density at the end of inflation
can be estimated as

ρendr ≃ ρreh

�
areh
aend

�
4

∼ T4
rehα

2ðnþ1Þ=3n
�
1016 GeV

Treh

�
8ðnþ1Þ=3n

:

ð60Þ
With the above preparations, we calculate

aend
a0

≃
T0

Tend
∼

TCMB

ðρendr Þ1=4

∼ 10−29α−ðnþ1Þ=6n
�
1016 GeV

Treh

�ðn−2Þ=3n
; ð61Þ

where we have used that Hend ∼
ffiffiffi
α

p
× 10−5mP and the

temperature of the CMB today is TCMB ∼ 10−13 GeV.
Hence, we readily obtain

6The GW spectrum in the case when the Universe is dominated
by a scalar field condensate oscillating in a potential of the form
V ∝ ϕ2n has been also considered in Refs. [133,134], but the
constraints from the possible fragmentation of the condensate
were not taken into account.

7Obviously, the assumptions made regarding the GW produc-
tion near the end of inflation are not valid, as the slow roll of the
inflaton field is about to be violated and there is not much time
for GW states to be squeezed when exiting the horizon. This
means that, very near fend, the GW spectrum deviates from
Eq. (54).
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fend ¼
Hend

2π

aend
a0

∼ αð2n−1Þ=6n
�
1016 GeV

Treh

�ðn−2Þ=3n
× 107 Hz; ð62Þ

where we used that 1 GeV ≃ 1.5 × 1024 Hz. In view of
Eq. (59) and also considering that f ∝ aH, we find

freh ¼ fend
Hrehareh
Hendaend

≃ fend

�
areh
aend

�ð1−2nÞ=ðnþ1Þ

∼
�
1016 GeV

Treh

�−1
× 107 Hz; ð63Þ

where we used that a ∝ H− 2
3ð1þwÞ ⇒ H ∝ a−3n=ðnþ1Þ and we

employed Eq. (21) again. From Eq. (63), it is evident that
the dependence of freh on both α and n cancels out as it
should, because these parameters influence only the phys-
ics before reheating.
With the above preparations, the current GW spectra in

Eq. (54) are determined by parameter α, the power index
n, and reheating temperature Treh. As an example, we
consider n ¼ 5 and α ¼ 4, in which case Table I suggests
that the lowest possible reheating temperature (i.e., the
longest possible stiff period) is Treh ≃ 1.1 × 104 GeV.
Then Eq. (62) suggests fend ≃ 3.7 × 109 Hz, while
Eq. (63) gives freh ≃ 1.1 × 10−5 Hz, with the GW spec-
trum growing as ∝ f2=3 in the high-frequency domain
[cf. Eqs. (53) and (54)].8

The current GW energy spectra determined by Eq. (54)
are shown in Fig. 4 for n ¼ 3–5 and Fig. 6 for n ¼ 6–8,
respectively, along with various operating and forthcom-
ing GW experiments summarized in the caption of Fig. 4.
In both figures, we take the maximum value α ¼ 4. In
Fig. 4, we choose the lowest possible reheating temper-
atures as shown in Table I: Treh ¼ 1.2 × 1010, 1.7 × 107,
and 1.1 × 104 GeV for n ¼ 3, 4, and 5, respectively,
corresponding to possible largest peaks in GW spectra,
implied by Eqs. (54) and (63). It is clearly seen from
Fig. 4 that their GW spectra excess sensitivity curves of
several GW experiments. In particular, they are all
detectable by the resonant cavity experiments in the
high-frequency range 106–109 Hz, which targets electro-
magnetic signals generated by GWs in resonant cavity
experiments [128,129].9

The ultrahigh-frequency GW (UHF-GW) initiative
[129], which has recently come into the picture, discusses

several prospects for detecting very high-frequency
GWs leading to new ideas for detection techniques, e.g.,
[135–137,141–160]. Still, it remains extremely difficult
experimentally, to go beyond the BBN bound. With our
analysis on primordial GWs, which originated during infla-
tion, we aim to motivate future investigation and provide a
concrete science case for UHF-GW detectors. It is remark-
able to have the possibility to probe beyond the SM micro-
physics physics at energy scales many orders of magnitude
beyond the reach of conventional cosmological tools at our
disposal or laboratory experiments. Particularly, in Figs. 4
and 6, we showed that resonant cavity experiments [128]
could potentially observe primordial GW backgrounds that
nearly saturate the upper bound.10

For n > 5, the lower bounds on reheating temperatures
from the fragmentation effect are weaker (as shown in
Table I) than the BBN bound11 ΩGWh2 ≤ 2.2 × 10−6,
which is able to provide more stringent lower bounds
Tmin
reh . This is shown by the green curve in Fig. 5, which

shows the allowed values of Treh for different values of n,

FIG. 5. The allowed parameter space ðn; TrehÞ by considering
the BBN bound ΩGWh2 ≤ 2.2 × 10−6, while the color refers to
the corresponding peak value ΩGWh2ðfendÞ. The BBN bound
provides more stringent lower bound Tmin

reh (the green curve)
compared to the fragmentation effect shown in Table I. The
upper bound is Tmax

reh ≃ 4.6 × 1015 GeV for α ¼ 4 from the fact
that ρreh ≤ ρend.

8With n ¼ 5, in the case of monomial potential, the lower
bound in Eq. (19) suggests α > 0.01, which is well satisfied in
this example.

9Several promising bounds on the GWs in the high-frequency
domain have been proposed recently [135–140] (also see review
[129]), which, however, are weaker than BBN constraint by
orders of magnitude currently.

10It also maybe possible that the SM contribution to SGWB
from thermal fluctuations may contribute significantly the total
gravitational wave background in those regions, see [161–163].

11CMB bound on ΔNeff is comparable to BBN; see, for
instance, [164].
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given the BBN bound and α ¼ 4.12 In addition, the upper
bound on reheating temperature comes from the fact that
ρreh ≤ ρend, which gives Tmax

reh ≃ 4.6 × 1015 GeV for α ¼ 4

(which is consistent with the case n ¼ 2 in Table I), as
shown by the red vertical line in Fig. 5. The color in Fig. 5
denotes the peak value ΩGWh2ðfendÞ for a given set
ðn; TrehÞ. It is straightforward to see that, for a fixed n,
the peak value becomes smaller as the reheating temper-
ature becomes higher. This is expected, because the freh
shifts to higher values. Moreover, the lower bound Tmin

reh
tends to a constant ≃5.3 × 107 GeV for large n, which is
suggested by Eqs. (54) and (62) in the large-n limit,
namely, the growth rate of GW spectra becomes ∝ f
and fend → α1=3ð1016 GeV=TrehÞ1=3 × 107 Hz. Hence, the
peak of GW spectra in the large-n limit is given by
ΩGWðfendÞ ∼ΩRD

GWα
1=3ð1016 GeV=TrehÞ4=3. The corre-

sponding lowest possible value of freh for a large n is
calculated as freh ∼ 5.3 × 10−2 Hz. Thus, it is hard to detect
their GW spectra with the operating and forthcoming GW
experiments shown in Fig. 4, except for the resonant cavity.
All the above findings in the large-n limit are reasonable,

since the potential in Eqs. (1) or (28) approximates a square
potential well after inflation, such that the inflaton field
takes less time to reach the potential’s minimum and
reheating would roughly happen afterward.
In Fig. 6, the lowest bounds Treh ¼ 8.1 × 103, 5.3 × 104,

and 1.8 × 105 GeV are taken for n ¼ 6, 7, and 8 respec-
tively, such that the GW spectra saturate the BBN bound
ΩGWh2 ≤ 2.2 × 10−6 at a nearly identical highest fre-
quency fend ≃ 7.2 × 109 Hz (which also shows the weak
dependence on n in fend). As shown in Fig. 6, the cases
n ¼ 6–8 are also detectable by the resonant cavity at the
high-frequency band and several GW experiments at the
low-frequency band including the Einstein Telescope.13

FIG. 6. The GWenergy spectra in terms of various power indices of the polynomial potential in Eq. (1) with α ¼ 4, n ¼ 6, 7, 8; with the
corresponding reheating temperatures, Treh ¼ 8.1 × 103; 5.3 × 104; 1.8 × 105 GeV, such that the peaks of the GW spectra saturate the
BBN bound ΩGWh2 ≤ 2.2 × 10−6 at the highest frequencies fend ≃ 7.2 × 109 Hz. The values of the stiff barotropic parameter can be
calculated from Eq. (21), w ¼ 5=7; 3=4; 7=9. The red dashed curve refers to the kination proper with w ¼ 1 (n → ∞),
Treh ≃ 5.3 × 107 GeV, freh ≃ 5.3 × 10−2 Hz. It is clear that the produced GW spectrum for small n (but n > 5) is significantly boosted
compared to the case when regular kination follows inflation, as is usual in many quintessential inflation models (see, e.g., Ref. [182] and
references therein). The expected sensitivity curves of various operating and forthcoming GW observatories are the same as in Fig. 4.

12Releasing α helps provide more information on the allowed
values of Treh for different n, since α affects the peak ofΩGW only
through fend [cf. Eq. (62)], and there is a very weak dependence
on n in the power of α in Eq. (62), except for a extremely tiny α.
Our calculations have confirmed this argument, so we only show
the two-parameter region (cf. Fig. 5), instead of the full three-
parameter region.

13It is important to remark that during our analysis we chose the
spectral tilt nT of the tensor modes that excited during inflation to
be negligibly small. This is true when the primordial inflation is
well described by a quasi–de Sitter background, which is assumed
in this work. However, several alternative scenarios exist where nT
could be very different and the inflationary tensor spectrum
consists of a large blue tilt for the modes that excited during
the inflationary epoch or even during the postinflation era, for
instance, due to particle production. Nonetheless, we refrain from
considering nT to be a free parameter, as this would have also given
us another independent variable to chose during inflation. In order
to see the constraints on GW signals when assuming that nT
is a free parameter, see, e.g., Refs. [43,119,165–173]. For concrete
theory realizations for blue-tilted nT ≥ 0 see, e.g., string gas
cosmology [174], superinflation models [175], G inflation [176],
noncommutative inflation [177,178], particle production during
inflation [179,180], and several others [181].
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C. The astrophysical foreground

For the stochastic GW of cosmological origin, one
may expect many astrophysical sources of GWs. LIGO/
VIRGO has already observed binary black hole (BH-BH)
[84,183,184] as well as binary neutron star (NS-NS) [88]
merging events. In order to distinguish the SGWB
sourced by inflationary tensor perturbations with stiff
pre-BBN era and those from the one generated by the
astrophysical foreground, one should expect the NS and
BH foreground might be subtracted with sensitivities of
BBO and ET or CE windows, possibly during the range
ΩGW ∼ 10−15 [185] and ΩGW ∼ 10−13 [186]. The binary
white dwarf galactic and extra-galactic foreground could
dominate over the NS-NS and BH-BH foregrounds in
LISA, however [187–189], and should be subtracted [190]
with the expected sensitivity ΩGW ∼ 10−13 to be reached at
LISA [191,192]. Given such subtractions could be made
possible in the future along with the crucial fact that
the GW spectrum generated by the astrophysical fore-
ground increases with frequency as f2=3 [193], that is,
completely different from the GW spectrum inflationary
gravitational waves in the stiff period f2ð n−22n−1Þ (unless
n ¼ 5), as suggested by Eq. (54), one may envisage to
pin down the GW signals from inflationary first-order
tensor perturbation. Moreover, our mechanism clearly
overwhelms the astrophysical GW background at high
frequencies, when n > 5.

VI. DISCUSSION AND CONCLUSION

Various cosmological sources such as strong first-order
phase transitions, cosmic strings or domain walls, infla-
tionary preheating, etc. lead to detectable GWs of stochas-
tic origin from the early Universe, which provides a unique
opportunity to peek into the pre-BBN epoch. Particularly,
this is useful in probing new physics beyond the SM,
as for example, GUT-scale physics, high scale physics
related to dark matter physics, and matter-antimatter
asymmetry [39,194–199], which are otherwise beyond
the reach of LHC or any other laboratory or astro-
physical searches for new physics due to heavy scales
involved.
Most compellingly, inflation generically gives rise to a

stochastic GW background, which extends to very high
frequencies, determined by the inflationary energy scale.
However, the conventional inflationary paradigm generates
primordial GWs, which are too faint to be observable in the
near future. Fortunately, such weak GWs can be boosted to
observability if inflation is followed by a period with a stiff
equation of state. Depending on the barotropic parameter w
of the stiff phase, the GW spectrum features a peak toward
large frequencies. If the peak is too sharp, then BBN
considerations do not allow the boosted spectrum to extend
to observable frequencies. What is needed is a stiff period

with 1
3
< w < 1, which lasts for a long time corresponding

to late reheating [48].14

In this work, we proposed two concrete inflationary
scenarios which naturally lead to nonstandard cosmological
evolution (with an appropriate, stiff equation of state in the
postinflationary era) with potentially large GW signals
arising from first-order inflationary tensor perturbations.
We then study how tensor perturbations generated during
inflation may be amplified during the stiff era and inves-
tigate whether they lead to detectable signals for gravita-
tional wave detectors such as LISA, ET, u-DECIGO,
and BBO.
In particular, we consider a scalar field condensate,

oscillating in a potential well of the form VðφÞ ∝ φ2n.
The oscillating scalar condensate is characterized on
average by a barotropic parameter w ¼ ðn − 1Þ=ðnþ 1Þ,
which can take a value inside the range 1

3
< w < 1, when

n ≥ 3. If the Universe is dominated by our oscillating scalar
field, then it would engage in a stiff period as desired.
Before the oscillations, our scalar field can be the inflaton,
because its kinetic term features a pole, following the
α-attractors construction.15,16

Even though our theoretical framework allows us to
obtain a stiff period with multiple values of the barotropic
parameter inside the desired window, our setup does not
allow a very low reheating temperature Treh when the order
n of the scalar potential is small. This is because the
oscillating condensate tends to fragment due to resonance
effects. Thus, if this is the case, reheating must occur before
this fragmentation takes place if we want to remain in the
stiff period before reheating. This would correspond to a
lower bound on the reheating temperature. As a result,
when 3 ≤ n ≤ 5 the peak attained in the GW spectrum
cannot be extended to very low frequencies. Nevertheless,
contact with the forthcoming observations can indeed be
achieved, especially for n ¼ 5, as shown in Fig. 4.
When n > 5, the lower bound on Treh is very weak and

the actual constraint on the boosted GW spectrum is due to
the requirement that the GW peak does not challenge the
process of big bang nucleosynthesis (and also Planck-
CMB) ΩGWðfendÞ < 10−6. As a result, the GW spectrum
can indeed be extended down to observable frequencies,
especially for n ¼ 6–8 or even higher. Indeed, as shown in
our Fig. 6, there is clear overlap with the projected obser-
vations of DECIGO, μARES, Big Bang Observatory,
Cosmic Explorer, and Einstein Telescope. Moreover,
in Fig. 6, it is demonstrated that the GW spectrum is

14Also see Ref. [45].
15Such poles in the kinetic term may also give rise to primor-

dial black hole formation and scalar-induced GWs [200,201].
16It should be noted that one would not need to rely on

α-attractors for the formation of the inflationary plateau.
Other proposals would lead to very similar results, e.g., shaft
inflation [202].
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clearly enhanced compared to the case of kination proper
(with w ¼ 1) following inflation, as usual in quintessential
inflation models. The maximum enhancement is achieved
with n ¼ 6.
As shown in Figs. 4 and 6, we manage to obtain a

characteristic GW spectrum, boosted from the scale-
invariant vanilla case. If future observations do detect such
kind of spectrum of primordial GWs, then we will obtain
crucial information of the physics of inflation [44], such as
the inflation energy scale or the value of the reheating
temperature, as well as the steepness (the order 2n) of the
scalar potential near its minimum.
An important point to stress has to do with the sharp peak

in the GW spectrum at frequency fend, corresponding to
the end of inflation. The GW spectrum in Eq. (54) was
obtained under the assumption of slow roll. However, as
explained in footnote 7, we expect the slow-roll approxi-
mation to cease to be valid near the end of inflation, when
the ϵ slow-roll parameter is no longer much smaller than
unity, so ϵ < 1 but not ≪ 1. This happens about an e-fold
before the end of inflation. Now, a sizable ϵmeans thatH is
not robust anymore, because ϵ ¼ −Ḣ=H2. Because the
GW spectrum is proportional to H2 [cf. Eq. (50)], this
really means that near the peak the spectrum is somewhat

suppressed (the peak is rounded) as H begins to decrease.
This suggests that the BBN and the CMB Neff bounds in
Figs. 4 and 6 are less challenged, i.e., that our results are
even safer.
It is intriguing that due to the existence of a nonstandard

postinflationary pre-BBN cosmology plays the morphol-
ogy of the gravitational wave spectrum for a given micro-
scopic physics scenario is characterized. Furthermore,
this postinflationary epoch may also leave signatures in
the CMB spectrum itself as it may impact the number of
e-folds during inflation, thereby correlating predictions for
the inflationary observables such as ns and r with GW
signals for a given inflationary scenario.
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